Abstract: An orbital angular momentum (OAM)-mode transmission model of BesselGauss (BG) beams is established to derive an analytic expression of the channel information capacity of an OAM-based free-space optical (FSO) communication system with non-diffraction BG beams in weak turbulent ocean. Effects of oceanic turbulence on the channel information capacity of this communication system are discussed in detail. Numerical results show that oceanic turbulence induces an evident spread of OAMmode transmission probability spectrum and severely affects the channel information capacity of OAM-based FSO communication systems. The influences of beam parameter of BG and dual BG beams on channel information capacity are contrary to each other. BG beams show significant advantages over Laguerre-Gaussian beams in mitigating the effects of turbulence and improving the performance of OAM-based FSO communication links. The effects of oceanic turbulence on the channel information capacity become stronger with the increase in oceanic turbulence parameter, rate of dissipation of mean-squared temperature, and temperature-salinity balance parameter, as well as with the decrease in the rate of dissipation of turbulent kinetic energy per unit mass of fluid. Choosing an optimum blue-green wavelength and increasing of the BG beam can effectively improve the performance of an OAM-based FSO communication system in turbulent ocean.
Introduction
Free-space optical (FSO) communication, based on orbital angular momentum (OAM) of photons, has attracted much attention in recent years, because it can remarkably enhance the channel information capacity without a corresponding increase in spectral bandwidth [1] , [2] . Terabit/s free-space data transmission using OAM multiplexing has been demonstrated with a link distance of ∼1 m without atmospheric turbulence effects [1] . Classical information of OAMbased FSO communication systems was successfully transmitted recently by 3 km in an open environment, with significant atmospheric turbulence along the path length [3] . Effects of atmospheric turbulence on OAM-based FSO communication systems in atmospheric channel were extensively studied by theoretical and experimental investigations [4] - [7] . Results show that turbulence-induced scintillation significantly degrades the performance of OAM-based FSO communication systems, such as signal fading, channel crosstalk, information capacity reduction, etc. Current studies explore reasonable methods to mitigate turbulence-induced fading and improve the performance of OAM-based FSO communication links. Djordjevic et al. [8] , [9] proposed that low-density parity check (LDPC)-coded technology can substantially improve the performance of OAM-based FSO communication systems. Performance enhancement of OAMbased FSO communication systems using adaptive optics wave front correction methods were investigated in [10] , [11] . Nevertheless, the majority of previous studies on these systems were focused on Laguerre-Gaussian (LG) beams in turbulent atmosphere.
Non-diffraction Bessel-Gaussian (BG) beams show obvious advantages over classical LG beams in mitigating the effect of turbulence and improving performance of OAM-based FSO communication links in turbulent atmosphere. These effects are caused by two salient features of BG beams [12] - [14] , namely, the capability to propagate without changing the intensity profile (non-diffraction nature) and the remarkable capacity to reconstruct after encountering an obstacle (self-healing mechanism). Gatto et al. [12] achieved and experimentally tested an apparatus for OAM-multiplexed FSO communication system using non-diffraction Bessel beams. The influence of non-Kolmogorov turbulence on the spiral spectrum of BG beam was investigated in [13] . We previously investigated the propagation properties of OAM modes for non-diffraction Whittaker Gaussian beams [15] and Hankel-Bessel-Shell beams [16] in non-Kolmogorov atmospheric turbulence. The results revealed that non-diffraction beams can effectively mitigate the influence of turbulence on the transmission of OAM modes.
Analysis expressions of the channel information capacity of OAM-based FSO communication links with LG beams in a turbulent atmosphere environment have been developed with Kolmogorov spectrum [4] , [17] and modified Von Karman spectrum [11] based on the OAM mode transmission model of LG beams. High-speed and high-capacity communication links are essential to support the increasing scientific research and military activities in the ocean environment. Turbulent ocean is another important random medium, which may significantly affect the performance of OAM-based FSO communication system in turbulent ocean. Optical turbulence in the ocean is driven by temperature and salinity fluctuations, which is distinguishable from the cases of atmospheric turbulence [18] . Korotkova et al. examined the effect of oceanic turbulence on the polarization [19] and coherence [20] properties of Gaussian beam using the new proposed spatial power spectrum model of refractive index fluctuation in turbulent oceanic environment [18] . The results show that oceanic turbulence significantly affects the beam compared with atmospheric turbulence. Scintillation index of plane and spherical waves propagating in turbulent ocean were investigated in [21] . The evolution behavior of Gaussian Schell-model vortex beams [22] and stochastic electromagnetic vortex beams [23] through oceanic turbulence were studied in detail. However, to the best of our knowledge, no study has reported on the OAM mode transmission properties of non-diffraction BG beams and channel information capacity of the OAM-based FSO communication systems with BG beams in oceanic turbulence.
In this paper, Rytov approximation theory was first employed to establish the transmission model of OAM mode for non-diffraction BG beams in oceanic turbulence based on weak irradiance fluctuations. Channel information capacity of the OAM-based FSO communication systems with BG beams in the turbulent ocean was then quantitatively investigated utilizing classical Shannon information theory. Finally, we modeled the effects of oceanic turbulence on the channel information capacity of the OAM-based FSO communication link in weak turbulent ocean environment. In addition, the transmission properties of OAM mode for BG beams between dual BG (dBG) and LG beams were compared.
Evaluation of Channel Capacity
A stationary discrete memory-less model was considered in classical Shannon information theory. The channel information capacity of an OAM-based FSO communication system in this case can be written as [4] , [24] C ¼ max
where Hðl 0 Þ represents the entropy of the source, and Hðl 0 jlÞ represents its conditional entropy given the detected OAM mode l. The entropy of the source and conditional entropy are correspondingly given by
where pðl 0 Þ is the probability of transmitting OAM modes l 0 , and pðljl 0 Þ is the conditional probability of transmitting OAM modes with index l 0 followed by detection of OAM mode l.
Further details on the structure of OAM modes should be provided before the channel information capacity of OAM-based FSO communication links in the weak turbulent ocean can be described. A vortex beam with helical-shaped phase front described by azimuthal phase term expðil'Þ ðl ¼ 0; AE1; AE2; . . .Þ can carry an OAM mode of l h. The eigenfunction of transmitted OAM modes jl 0 i in a paraxial channel of free turbulence can be mathematically expressed in cylindrical coordinates as
where z is the propagation distance, r ¼ jrj, r ¼ ðx ; y Þ is the 2-D position vector in the source plane, and ' is the azimuthal angle. Radial function f l 0 ðr ; zÞ represents the field variation along the radial coordinate, which can be used to distinguish the type of vortex beams. For the BG beam, it can be represented as [25] 
is the Rayleigh range, k ¼ 2= is the wave number of the wavelength and w 0 is the beam width of the Gaussian envelop. ¼ k sin 0 w 0 is a constant that determines the beam profile, 0 is the angle of the conical wave that forms the BG beams, and J n ðx Þ is the Bessel function of the first kind with nth order. If the beam parameter is complex, (5) is the radial component for dBG beams or generalized BG beams [25] . An increase in of BG beam leads to the beam shape that more closely resembles a Bessel beam. The beam size decreases with increasing , whereas the reverse case has to be executed for dBG beams.
Our discussions are restricted to weak oceanic turbulence region (Rytov variance 2 R G 1) based on the Rytov approximation [26] . The cumulative effect of oceanic turbulence over the propagation procedure in this region can be regarded as a pure phase perturbation on OAM modes. Thus, intensity fluctuations arising from the turbulence can be neglected. At any point in the half-space z > 0, the transmitted OAM modes jl 0 i for BG beams can be expressed as
where T _ is an operator that represents the action of turbulence, and 1 ðr ; '; zÞ is the complex phase perturbation of a spherical wave propagating through oceanic turbulence.
Energy will be redistributed among various OAM modes when a vortex beam propagates though an oceanic turbulent channel. This phenomenon leads to time varying crosstalk, and several OAM modes jli will be detected on the receiver side. Following the same procedure in [13] , the eigenfunction of transmitted OAM modes jl 0 i for BG beams after the interaction with turbulent ocean can be written as a superposition of all OAM modes jli as follows:
with the superposition coefficient ðljl 0 Þ of the OAM mode jli
Moreover, the probability density distribution for the received OAM mode jli of BG beams in the paraxial channel can be given by
Substituting (5) and (6) into (9) and averaging over turbulence ensembles, the ensembles averaging probability density distribution for the received OAM mode jli of BG beams propagating in paraxial turbulent oceanic channel can be described as
where hx i represents an ensemble average over the turbulence statistics. Applying the quadratic approximation of the wave structure function, the last ensemble average term in (10) can be expressed as [15] 
where 0 is the spatial coherence length of a spherical wave propagation in turbulent ocean, which takes the following form:
where ocean ðÞ denotes the spatial power spectrum of the refractive-index fluctuations of oceanic turbulence in which is the magnitude of 2-D spatial frequency. Spatial power spectrum model of refractive index fluctuation in homogeneous and isotropic oceanic water can be expressed as [18] ocean ðÞ ¼ 0:
where T is the rate of dissipation of mean-squared temperature in the range of 10 À4 K 2 =s in surface water to 10 À10 K 2 =s in deep water, and is the rate of dissipation of turbulent kinetic energy per unit mass of fluid ranging from 10 À1 m 2 =s 3 in surface water to 10 À10 m 2 =s 3 in deep water [27] . is the Kolmogorov micro scale (inner scale); defines the ratio of temperature and salinity contributions to the refractive index spectrum, which in the ocean waters can vary in the interval [−5; 0] . The values −5 and 0 correspond to the dominating temperature-induced and salinity-induced optical turbulence, respectively. 
Substituting (11) into (10) and utilizing the integral expression [28]
where I n ðx Þ is the Bessel function of the second kind with nth order, and we have the expression for ensembles averaging probability density distribution for the received OAM mode jli of BG beams propagation in paraxial turbulent oceanic channel
Non-diffraction BG beams propagation through oceanic turbulence, conditional probability pðljl 0 Þ, defining the crosstalk, or energy transfer between the transmitted OAM mode jl 0 i and arbitrary received OAM mode jli at the receiver site can be calculated as follows:
Based on OAM mode transmission model of non-diffraction BG beams in the weak oceanic turbulence, we can evaluate the channel information capacity of the OAM-based FSO communication link with BG beams. Here, we utilize BG beams with transmitted OAM modes jl 0 i in the range of ½ÀL; L forming an N ¼ ð2L þ 1Þ dimension Hilbert space to carry information data.
The maximum information rate can be achieved by choosing the probabilities for transmitted OAM modes jl 0 i of BG beams pðl 0 Þ ¼ 1=N. Considering that the source is discrete, the source entropy reaches the maximum value as
The conditional entropy H ðl 0 jlÞ in this case can be expressed as
Channel information capacity of the OAM-based FSO communication systems with BG beams in weak turbulent ocean can be calculated by substituting (18) and (19) into (1) as follows:
Numerical Discussion
In this section, we discuss the numerical results of the channel information capacity of an OAM based FSO communication link with BG and dBG beams propagation through weak turbulent ocean, using the analytical equations in the previous section. We set the parameters of BG beams as wavelength, varies from 417 to 632.8 nm, the parameters of oceanic turbulence, the rate of dissipation of mean-squared temperature, and T varies from 10 À10 to 10 À7 K 2 =s; the rate of dissipation of turbulent kinetic energy varies from 10 À5 to 10 À1 m 2 =s 3 ; Kolmogorov micro scale ¼ 10 À3 m; and propagation distance z varies from 0 to 30 m, which represents a weak oceanic turbulence regime with low-absorption and low-scattering [21] .
In Fig. 1 , we evaluate the channel information capacity of the FSO communication systems employing OAM modes of BG and dBG beams as a function of beam parameter and OAM mode number N with z ¼ 30 m, ¼ 417 nm, w 0 ¼ 0:01 m, T ¼ 10 À7 K 2 =s, ¼ 10 À5 m 2 =s 3 , and ¼ À4, respectively. Channel information capacity of the OAM-based FSO communication system increases with increasing N for both BG and dBG beams. It is obvious that BG beams [see Fig. 1(a) ] significantly improves the performance of the channel information capacity with dBG beams [see Fig. 1(b) ] in weak turbulent ocean. The influences of on BG and dBG beams are different. A larger value of leads to higher channel information capacity with BG beams, contrary to dBG beams, in which channel information capacity decreases with increasing . It is because that the beam size of BG beam decreases with increases, while the reverse has to be executed for dBG beams. Beam size plays an important role in determining the transmission performance of orbital angular momentum (OAM). Larger beam size results in an increase in the negative effects of turbulence on OAM, which is the opposite of the energy-coding FSO communication systems. The value of channel information capacity of the OAM-based FSO communication links with both BG and dBG beams are symmetric with ¼ 0. It is reasonable that the sign of just changes the direction of the angle 0 of the conical wave that forms the Bessel beam and does influence the OAM mode transmission properties of BG beams. These results show that, increasing the value of is a good alternative to improve the performance of the OAM-based FSO communication system with BG beams in the turbulent ocean. On the contrary, when the FSO communication system utilizes the OAM mode of dBG beams, lower value entails higher channel information capacity.
The influence of the OAM mode number N on the transmission properties of the OAM modes of BG and dBG beams in weak oceanic turbulence is further elucidated. With the same parameters used in the Fig. 1 setting, Fig. 2 exhibits the transmission probability spectrums of OAM mode for BG beams with ¼ 10, and dBG beams with ¼ 2i by varying transmitted OAM mode l 0 from −5 to 5. With the same parameter set as BG beams, the OAM mode transmission probability spectrum of LG beams with radial mode p 0 ¼ 0 in turbulent ocean is also presented in Fig. 2 , based on [4] . It is obvious that all transmitted OAM modes will evidently transfer their energy into the neighboring modes. Oceanic turbulence will obviously cause OAM mode crosstalk and spread of OAM mode transmission probability spectrum. The effects of oceanic turbulence become very apparent within tens of meters, whereas a comparable propagation distance to reach the same value is several hundred meters in atmospheric turbulence [15] . Moreover, similar to that in atmospheric turbulence, the OAM mode transmission probability spectrum spreads severely with increasing value of the transmitted OAM mode, l 0 . This phenomenon is due to larger radius of the beam with larger OAM mode l 0 after propagating in the oceanic turbulence resulting in an increase in the negative effects of turbulence. It is clearly that BG beams are evidently advantageous over LG beams in mitigating the effect of turbulence and improving OAM mode transmission probability, because of its non-diffraction and self-healing characteristics. Moreover, OAM-based FSO communication system links deteriorate clearly when BG beams evolve to dBG beams. Figs. 1 and 2 show that BG beams have a better ability for mitigating the effects of turbulence than dBG beams in the ocean environment. Fig. 3 demonstrates the channel information capacity of the OAM-based FSO communication links using non-diffraction BG beams through weak turbulent ocean, as a function of z, and varies N from 3 to 19. We set the parameters of BG beams as ¼ 10, w 0 ¼ 0:01 m, and ¼ 417 nm, the parameters of the turbulent ocean, as T ¼ 10 À7 K 2 =s, ¼ 10 À5 m 2 =s 3 , ¼ À4, and varying z from 0 to 30 m. It is evident from Fig. 3 , channel information capacity decreases with increasing z and decreasing N. Additionally, channel information capacity of the communication system with larger N decreases more rapidly than the case with less N as z increases. Fig. 4 presents the channel information capacity of the OAM-based FSO communication system with BG beams in weak turbulent ocean as a function of N with the same parameters used in Fig. 3 setting, and z is varied as z ¼ 5, 10, 15, 20, and 25 m. The ideal case (i.e., without turbulence), in which the channel information capacity has the theoretical maximum value of log 2 ðNÞ is also plotted. As shown, channel information capacity increases steeply in the initial increasing phase of N, and it trends to a stable value with further increase in N. Increasing N results in more remarkable difference between the channel information capacity of the OAMbased FSO communication system and the ideal case.
In are more affected by oceanic turbulence. However, blue and green wavelengths are preferred to improve the performance of the OAM-based FSO communication system because of the absorption and scattering effects. À5 m 2 =s 3 , and ¼ À4. Fig. 6 shows that the channel information capacity of this communication system increases with the decreasing T . Considering that T is lower than 10 À9 K 2 =s, the influence of the oceanic turbulence on the channel information capacity can be ignored, and channel information capacity is near that of the ideal case. 
Conclusion
In conclusion, we quantitatively described the effects of oceanic turbulence on the channel information capacity of FSO communication systems employing OAM modes of non-diffraction BG beams in weak turbulent ocean. The influence of beam parameter , OAM mode number N, wavelength , the parameters of oceanic turbulence (rates of dissipation of mean squared temperature T , rates of dissipation of turbulent kinetic energy per unit mass of fluid , temperaturesalinity balance parameter ), and propagation distance z were considered. Results indicated that oceanic turbulence induced a considerable spread of the OAM mode transmission probability spectrum and remarkably affected the channel information capacity of OAM-based FSO communication systems. The comparison of the transmission properties of OAM mode between BG, dBG, and LG beams were made. The results showed that the influence of of BG and dBG beams on channel information capacity were contrary to each other. BG beams had better ability for mitigating the effects of oceanic turbulence than LG beams in the turbulent ocean because of the non-diffraction and self-healing characteristics of BG beams. Channel information capacity increased steeply in the initial increasing phase of N. Further increase in N ðN > 10Þ resulted in gradual increase in channel information capacity, which subsequently tended to stabilize. The difference between the channel information capacity of the OAM-based FSO communication system with BG beams and those associated with the ideal case enhance with the increase in N. The effects of oceanic turbulence on channel capacity of this system became stronger as T , , and z increased and as , , and decreased. The results can be beneficial for practical design of OAM-based FSO communication systems with non-diffraction BG beams in ocean environment.
